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Abstract 
Aigner, M., D. Duffus and D.J. Kleitman, Partitioning a power set into union-free classes, 
Discrete Mathematics 88 (1991) 113-119. 
Two problems involving union-free colorings of the set of all subsets of an n-set are considered, 
with bounds obtained for minimum colorings. 
1. Introduction 
We consider two problems involving ‘union-free’ colorings of 2”, the set of 
subsets of the n-set [n]. The first is due to Abbott and Hanson [l]: for any integer 
n let f (n) be the minimum number of colors necessary to color 2” so that each color 
class B (pairwise) union-free. That is, no class has three distinct sets A, B, and C 
such that A U B = C. 
The second function, suggested by Kleitman, is defined in a similar manner: for 
any integer n let g(n) be the minimum number of colors necessary to color 2” so 
that each color &.ss is (completely) union-free. That is, for all k no class has 
distinct sets AO, AI, . . . , Ak such that 
AO= ,j.i. 
i=l 
Here is what we know about f and g. 
* Supported in part by ONR Contract NOOO14-85-K-0769. 
** Supported in part by NSF Grant DMS: 86-06225 and AF Contract OSR 86-0078. 
0012-365X/91/$03.50 0 1991- Elsevier Science Publishers B.V. (North-Holland) 
114 M. Aigner et al. 
Theorem 1. 
0.35n +n <f(n) s [n/2] + 1. 
Theorem 2. 
Ln/2J + 1 s g(n) s n - O(P). 
The new results are verified below, the lower bounds off and g in Section 3 and 
the upper bound of g in Section 2. We also go over what has been known about 
bounds for f, giving Abbott and Hanson’s upper bound [l], a lovely argument 
due to Erdiis and Shelah [4] yielding a lower bound of about n/4, and an 
improvement due to Aigner and Grieser 121. 
2. Upper bounds for f(n) and g(n) 
Abbott and Hanson [l] observed that there is an upper bound for f(n) given by 
a partition defined via cardinality .
Consider this partition of 2”: for i = 0, 1, . . . , ]n/2] 
Yi contains all (2i + 1)2k - 1 element sets (for all k 3 0). 
This is pairwise union-free and verifies the upper bound for f(n). It is also the 
correct value for small values of II and we know of no n for which this bound is 
not equal to f(n). 
Turning to g(n), let us take union-free to mean completely so for the rest of 
this section. To establish the upper bound in Theorem 2 we need some notation. 
Let R be the set of i-subsets of [n]. The idea is to choose distinct colors cj for 
all the sets in $n-j (j = 0, . . . , n - k - 1) and to color the remaining levels 
9 . . . , PO with co, . . . , c,,-~-~ without creating unions and with k as large as 
pr&ible. We shall show that k = (31a)“” works. 
We shall specify that color class %j contains some sets from sL and %l_1 for 
some 1 s k as well as all of $,+i- This is done so each of the I-sets contains 1, no 
(f-l)-set contains 1, and the union of these I- and (I-l)-sets contains at most 
n - j - 1 elements. It then follows that %j is union-free. 
LetX,]X,]*-* ] X,,, be a partition of [n] into blocks of consecutive integers. 
For i d t, some of the Xi’s may be primed; for instance, 
{1,2]’ I (3,4,5] I {6,7,g]’ I (9, lo]. 
Byi: X,1X,(** * 1 X,,, denote the family of all i-sets which contain at least one 
element from every unprimed Xj and have empty intersection with every primed 
Xj (j<t). On the last block X,,, there are no restrictions. So, 3: 
{1,2}’ I {3,4,5} I {6,7, S}’ ] (9,lO) is the set consisting of 3-sets 
3,495 3,499 3,4,10 3,5,9 3,5,10 
4,579 4,5,10 3,9,10 4,9,10 5,9,10. 
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Since the Xi’s are sets of consecutive integers, given in order, we may substitute 
]Xi] for Xi; our example becomes 3: 2’, 3,3’, 2. 
Lemma. Let II, . . . , ri+l and ml,. . . , mi be nonnegative integers with C li = 
C mj = n - 1. Then A’,, . . . , A:+, (B’,, . . . , Bj) defined below form a partition of 
all the sets in 3; which do not contain 1 (respectively, which contain 1): 
Af = i: (II + l)‘, n - f, - 1 
Ai = i: l’, II, I;, n - I, - l2 - 1 
. . . 
Af:=i; l’, I,, . . . , lj-1, l;, n - i lh - I 
h=l 
. . . 
Ai,, = i: l’, II, I*, . . . , lip li+l 
Bi=i:l,m;,n-m,--1 
Bg=i:l,m,,m;,n-m,-m,-1 
. . . 
Bj=i: 1, ml,. . . , mj-1, m!,n- 2 mh-1 
h=l 
. . . 
Bj= i: 1, m,, . . . , mi_1, mi 
Proof. Let A be an i-set not containing 1 and let us partition {2,3, . . . , n} with 
intervals 
j-l 
clh+2, klh+l],..., 
h=l h=l 
Then with s the maximum index with A fl Xi # 0 for j = 1, . . . , s, it is clear that 
sci, AEA~+~, andA$Ajforj#s+l. 
Proceed similarly to show that the B”s partition the family of i-sets which 
contain 1; the proof of the Lemma is complete. 0 
In obtaining the upper bound of g(n) we use these observations about the 
partitions of the Lemma: 
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B&LB =n-mi (j=l,...,i-l), I 
i-l 
UB 
t?Elg 
=~t?lj+l. 
j=l 
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Call the colors 0, 1, . . . , n - k - 1 and group them as follows: 
0, 
0: 1, . . . , k, 
1: k + 1, . . . ,2k - 1, 
. . . 
(1’) 
(2’) 
i: 
i 
ik- +l,... 0 2 , (i + 1)k - (ii ‘), 
,‘:2: (k-2)k-(k;2)+l,..a,(k-l)k-(k;l), 
k - 1: remaining colors. 
where we assume that 
For 1 G i s k - 1, we define sequences ltei, . , . fk? > k r+l and mfpi, . . . , rnt_f as in 
the lemma: 
$-i = (i _ 1)k _ 
( > 
i 2 ’ +l+j (j=l,...,k-i), 
k-i 
lk:i k ,+I = n - 1 - c /;-i, 
h=l 
m6-i = ik _ 
I 
(I 
; +1+j (j=l,..., k - i - l), 
k-i-l 
m”,zj=n-l- C mid’. 
h=l 
Color Sk, . . . , $1 in this manner. The k-sets in [2, n] are colored 0 and the sets 
in Bjk are colored j (j = 1, . . . , k), where the partition of the k-sets containing 1 
arises from 
k-l 
m,=2,m,=3,. . . ,m,+l=k 1 and mk=n-l- c mh. 
h=l 
The family of O-colored sets is union-free; so far the j-colored families are as well, 
this following from (1’) and (2’) for the Bps. 
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In ~~-i (i 2 l), color the sets in A:-’ with i(i - 1)k - (i; ‘) +j and those in 
B,“-’ with ik - (i) + j. To see that these color classes are union-free, consider any 
color other than 0, say 
cij = ik - 
In this class there are the sets of 
R-c,,, 
Ah-i-1 
J 
p-i 
‘- I’ 
Let j < k -i. The sets in Afmipl contain a total of IZ - ffViP1 - 1 = n - cij - 2 
elements (by (l)), while those in Bf-’ contain n - mfei = n - cij - 1 elements (by 
(1’)). From the definition of the I’s and m’s, the elements in these two unions are 
the same apart from 1, which appears in all the sets in Bf-’ and in none of the 
sets in A~-‘-‘. Thus, the new use of color cij results in no forbidden union. Let 
j=k-i.‘Ap 1 . p ymg (2) and (2’) the sets in AiIi-’ and BiIi contain a total of 
(ik-($+2)+*.*+(ik-(k)+(k-i)) 
and 
(ik-(f)+2)+***+(ik-(l)+(k-i))+l 
elements respectively. Again, these elements are the same, apart from 1, so no 
union is created if 
n - (i + 1)k - a2+(k-i-1) zk- (‘ (f)+l)+(k;i). (3) 
By an easy manipulation (3) is equivalent to 
f(i) = k2(2i + 1) - k(3i2 + i - 3) + (i’ - 3i + 2) c 2n. 
By considering the maximum of f(i), it is easily seen that (4) holds if 
k3/3(k -i) + k/3(k -i) + (k -i) + 1 G n (i = 1, . . . , k -i). 
Inequality (5) is valid if 
k3/3+k2/3+k+1sn. 
(4) 
(9 
(6) 
Finally, (6) is satisfied with k s crz;, c = 34. This completes the proof concerning 
the upper bound of g. 
3. Lower bounds for f(n) and g(n) 
Concerningf(n), Kleitman [5] showed that for some constant c, no union-free 
class can contain more than c(2”/fi) subsets of [n]. From this Abbott and 
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Hanson [l] observed that 
The lower bound was improved to [n/4] + 1 with this argument [4]. For 
convenience, assume that n is even. Now, consider only intervals [i, j] = {i, i + 1, 
. . . ) j} where is n/2< j. Let d be a union-free class of such intervals and 
define a bipartite graph with vertex sets {1,2,. . . ,n/2} and {n/2+ 1, n/2+ 
2 7 . * . , n} with i adjacent to j if and only if the set [i, j] E d. As .& is union-free, 
there is no 3-element path in the graph with vertices i < i’ s n/2 <j’ <j and edges 
.I _ . 
I I -j-i’. In particular, the graph has no cycles and, hence, at most n - 1 
edges. Thus, a union-free class has at most n - 1 such intervals. As there are n2/4 
of these intervals, f(n) a ]n/4] + 1. 
The next contribution bounding f(n) below is a result of Aigner and Grieser 
[2]: for n -+ CQ, 0.29n <f(n). This is obtained by investigating hook-free colorings 
of rectangular arrays. 
Here we provide the improvement of the lower bound given in Theorem 1. To 
begin the proof, let %i, . . . , Zs be a partition of 2” such that for distinct A, B, C 
in any %‘ie,, A U B # C. In showing that s 3 (ln 2)/2 = 0.35n, we make use of the 
dual form of the ErdBs-Ko-Rado Theorem [3]: for k 3 n/2 and S$ a family of 
k-subsets of [n] such that B U C # [n] for all B and C in .vZ, l&l s (” ; ‘). 
Let k 2 n/2 and consider all maximal chains in the lattice 2”. Let yi be the 
proportion of chains which intersect %‘i n some k-set and let xi be the proportion 
of chains which intersect %i in a k-set and do not intersect Ce, in any set B where 
n/2 s IB( < k. We claim that for all i and all k 2 n/2, 
(7) and (8) are easy; here is a proof of (9). Let A be a k-set in Ce,. For each 
maximal chain containing A containing some B E %i such that B c A and 
1 BI 5 n/2, choose the n/Zsubset C of B on that chain. How many such C’s can 
there be? As %$ is union-free, the hypotheses of the Erd&-Ko-Rado Theorem 
apply to the family of C’s, showing that there at most 
Therefore, the proportion of n/Zsubsets of A which are contained in a member 
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of pi which is a proper subset of A is at most 
Thus, the proportion of maximal chains hitting Y$ at level k and again between 
levels k and n/2 is at most 1 - n/2k. So the proportion of chains hitting pi at level 
k and not again in a level at or above n/2 is at least (n/2k)y’,, finishing the proof 
of (9). From (7), (8), and (9) we have 
Hence, asymptotically, 
Concerning the lower bound of g(n) given in Theorem 2, we show that 
g(n - 2) + 1 G g(n). 
As g(l) = 1 and g(2) = 2, it will follow that [n/2] + 1 <g(n). Suppose that 2” has 
been colored in a completely union-free manner and that [n] has received color a. 
Then there is some j E [n] such that no set containing j, except [n], is colored a. 
Choose any i E [n] other than j and consider the interval [{j}, [n] - {i}] in 2”. 
This is isomorphic to 2”-2 and inherits a union-free coloring without color a. 
Thus, g(n - 2) + 1 Cg(n). 0 (Theorem 1 and 2). 
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